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Abstract 
The present paper deals with the quadratic congruential method with power of two modulus m = 2” for 
generating uniform pseudorandom numbers. It is shown that for a positive fraction of the quadratic congruential 
sequences with maximal period length m and all dimensions k > 3 the discrepancy of k-tuples of successive 
pseudorandom numbers is of an order of magnitude at least m -l/3 This order of magnitude is too large in view of . 
the law of the iterated logarithm for discrepancies since the discrepancy of truly random numbers should be roughly 
m -‘/2(log log m) ‘1’ The proof of the main result relies on a thorough evaluation of certain exponential sums. . 
Keywords: Uniform pseudorandom numbers; Quadratic congruential method; Statistical independence; Discrepancy; 
Law of the iterated logarithm 
1. Introduction and main result 
Recently, several nonlinear congruential methods of generating uniform pseudorandom 
numbers in the interval [0, 1) have been introduced and studied. A review of the development 
of this area is given in the survey articles [2,7] and in Niederreiter’s excellent monograph [8]. 
A rather simple nonlinear approach is Knuth’s quadratic congruential method (cf. [5, p.2511, 
which is considered in the present paper in the particularly important case of a power of two 
modulus. Put Z,, = {O, 1,. . . , n - l} for positive integers n, and let m = 2” for ari integer o 2 5. 
For integers a, b, c, yO E Z, a quadratic congruential sequence (y,), > 0 of elements of Z, is 
defined by 
Y n+l -uyz+by,+c (mod m), n&O. 
A sequence (x,1, a0 of quadratic congruentiul pseudorandom numbers in the interval [O, 1) is 
obtained by the normalization x, = y,/m for II > 0. It is known that a quadratic congruential 
sequence is purely periodic with maximal period length m if and only if a = 0 (mod 21, 
b = c = 1 (mod 2) and a + b = 1 (mod 4) (cf. [5, p.341). 
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Statistical independence properties of the generated sequences can reliably be assessed by 
the discrepancy of k-tuples of successive pseudorandom numbers. For N arbitrary points 
t,, t,, . . . > t,-, E [O, ljk the discrepancy is defined by 
Q&D t,,. * *, t,_,) = “UJP I &r(J) - V(J) I, 
where the supremum is extended over all subintervals J of [O, ljk, F,(J) is N-l times the 
number of points among tO, t,, . . . , t,_ 1 falling into J, and V(J) denotes the k-dimensional 
volume of J. For a sequence (x,Jn >0 of quadratic congruential pseudorandom numbers, the 
abbreviations 
x, = (&, X,+l,..*,X,+k-l) E [O, l)k, II 2 O, 
and 
D$‘=D,(x,, X1,...,X/+l) 
are used. For a quadratic congruential sequence with maximal period length m the discrepancy 
D,lk’ should be of an order of magnitude m-*/* since the discrepancy of m independent and 
uniformly distributed random points from [0, ljk is roughly m-‘/*(log log m)l/’ according to 
the law of the iterated logarithm for discrepancies (cf. [4]). 
It has been shown in [3] that 
magnitude for a proper choice of 
under the condition 
1 
a=2 (mod4), 
(A) b = 3 (mod 4), 
c=l (mod2). 
Then the discrepancy 0:’ satisfies 
the discrepancy of pairs D,$!’ is of the correct order of 
the parameter a. The most favourable result is obtained 
1 1 * 
3(5-r + 2) 
m-‘/2~~~)<~(4+\lZ)m-“’ ilog m+3 
i i 
+ 2m-’ 
(cf. [3, Theorem 1 and the remark after the proof of Theorem 21). 
The following main result of the present paper shows that a corresponding upper bound 
cannot be obtained for dimensions k 2 3. From now on, let o = 3~ + 2 + p for some integers 
v 2 1 and p E (0, 1, 2) and consider the condition 
(B) (b - 3)(b + 1) - 4ac = 22uf4 + 8 (mod 2O-‘+l) 
on the parameters in the quadratic congruential method. 
Theorem. Under the conditions (A) and (B), the discrepancy Dik’ of any corresponding sequence 
of quadratic congruential pseudorandom numbers satisfies 
1 
D’k’a 2(7-&W+* + 3r + 3)m 
-l/3 
m ’ 
for all dimensions k > 3. 
J. Eichenauer-Herrmann /Journal of Computational and Applied Mathematics 53 (1994) 371-376 373 
This result shows that for a positive fraction of the quadratic congruential sequences with 
maximal period length the discrepancy 0, @) of k-tuples with k 2 3 is of an order of magnitude 
at least m-‘/3, which is too large in view of the law of the iterated logarithm. A similar result 
has been obtained in [l] for moduli of the form m =p” with primes p 2 5. The proof of the 
Theorem in Section 3 reveals that a lower bound for 02) of the order of magnitude mP113 can 
also be obtained if condition (B) is replaced by some other conditions on the parameters in the 
quadratic congruential method which guarantee a similar structure of the polynomial P defined 
below. However, under these conditions the absolute constant in the lower bound is usually 
smaller. Therefore the considerations of the present paper are restricted to the case that 
condition (B) is satisfied. 
2. Auxiliary results 
First, some further notation is necessary. Let e(t) = e2pit for t E R, put x,(z) = e( z/2”) and 
G,(f, g) = c x,(fi2 +a>, 
YE‘7zze 
for integers (Y > 1 and z, f, g, and let u . Y denote the standard inner product of U, v E [Wk. 
Subsequently, two known results are stated. The first lemma is a special version of [6, Lemma 
11, and the second one follows from [3, Lemma 61. 
Lemma 1. The discrepancy of N arbitrary points t,, t,, . . . , t,_, E [0, l)k with k > 3 satisfies 
1 
k&~ t1 )..., t,_,) 2 2(7r2 + 3~ + 3) I hlh2h3 I N irc;ei” %)I. 
for any lattice point h = (h,, h,, h,, 0,. . . ,O> E Z with h m,h,h, # 0. 
Lemma 2. Let a > 1 and f, g be integers. If gcd(g, 2”) < gcd( f, 2% then G,( f, g) = 0. 
For fixed parameters a, b, c in the quadratic congruential method and fixed integers 
u, U, w, polynomials &, P : Z -+ Z are given by 
Q(z)=az2+bz+c and P(z)=uz+~Q(z)+wQ(Q(z)), 
respectively, and an exponential sum is defined by 
S(% u, w) = c x&W). 
ZE‘Z, 
A short calculation shows that 
P’(z) = u + u(2az + b) + w(2aQ(z) + b)(2az + b) 
= 4wa3z3 + 6wa2bz2 + 2(w(2ac + b2 + b) + u)az + w(2abc + b2) + ub + u. 
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Lemma 3. Let a = 2 (mod 41, b = 1 (mod 2), and U, U, w be integers. Then, 
S(u, U, w) = c x,(P(x))G,_~(~“-‘P”(x), P’(x) + ~2~~+~). 
XEZZY 
Proof. Since 3v + 4 > o and y2 = y (mod 21, it follows after straightforward but tedious 
calculations that 
S(u, u, w) = c c x,(P(x + 2”Y )) 
XEZ,. yEZZOm” 
= c c x,(P(x) + 2”P’(x)y + 22”-1pn(x)y2 + W&23”+‘y3) 
XEE,” )IEdZU Y 
= c c x@(x) + 2”P’(x)y + 22”-P’(x)y2+ w23”+3y) 
XELZY yGLIw Y 
= c ~,(f’(x))G,_~(2”-~P”(x), P’(x) + ~2~“+~). q 
X‘sZ2” 
Lemma 4. Let condition (B) be met and (u, U, w) = ( - 1, f 4, 11, where the sign of u is as in (B). 
Then, 
P’(x) = 2(ax + i(b + 1))2(2ax + b - 2) + 22”+3 (mod 2,-‘) 
and 
P”(x) = 12a(ax + i(b + l))(ux + t(b - 1)) (mod 2,-“). 
Proof. First, it follows from (B) that 
P’(x) = 4a3x3 + 6u2bx2 + (4ac 5 8 + 2b(b + 1))ux + (2uc + 4)b + b2 - 1 
= 4a3x3 + 6u2bx2 + 3a(b2 - 1)x + i(b - 2)(b + 1)2 + 22v+3 
= 2(ax + i(b + 1))2(2ax + b - 2) + 22vf3 (mod 2,-‘). 
Now, a short calculation completes the proof. 0 
3. Proof of the main result 
First,Lemma1isappliedwithN=m,t,=x,forO~n<m,h,=-1,h2=+4andh3=1, 
where the sign of h, is as in (B). This yields 
1 m-l 
D(k) > m ’ c 4x 8(,rr2+3~+3)m n=O n+2 f 4x,+1 72) 
1 m-1 
= 8(~r~+3~+3)m n=O c x,(Q(Q(Y,)) +~Q(Y,) -in) 7 
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for all k > 3. It follows from (A) that the quadratic congruential sequence (y,), ~ 0 has maximal 
period length m, i.e., { yO, yr, . . . , y,_r} = Z,, which implies that 
D’k’ > 
1 
m ’ s(Tr* + 37T + 3)” 
IS(-1, +4,1)1. 
Now, Lemma 3 can be used in order to obtain 
D(k) > 
1 
m ’ 
8(7T2 + 3lT + 3)” 
c ,Y,(P(x))G,_,(~“-‘P”(x), P’(X) + 22”+3 
)I 
, 
nEL 
2” 
where the polynomial P belongs to (u, U, W) = (- 1, f 4, 1). For fixed x E Z2” let 5 E 
11,2,..., I/ + 1) be defined by gcd(ux + i(b + 11, 2”+‘) = 25. Since 2ux + b - 2 = 1 (mod 2) and 
ax + +(b - 1) = 1 (mod 21, it follows from Lemma 4 that 
gcd(P’(x) + 2*~+3, 2,-y) = 2min(*t+r,@-v) 
and 
gcd(2”-‘P”(x), 27 = 2min(v+5+*,m-V). 
If[<v,then2~+1<v+[+2<o-v,andLemma2impliesthat 
G,_V(2V-1P”(x), P’(X) + 22”+3) = 0. 
If 5 = v + 1 and ax + i(b + 1) = 2’+l (mod 2’+*), then P’(X) + 22vf3 = 2y-1P”(~) = 
22v+3 (mod 2”-“), which shows that 
G,_V(2V-1P”(x), P’(X) + 22”+3) = 2”-“. 
If .$ = v + 1 and ax + t(b + 1) = 0 (mod 2V+2), then P’(X) + 22”+3 = 2y-1P”(~) = 0 (mod 2,-“) 
which yields again 
G,_V(2”-1P”(x), P’(X) + 22”+3) = 2”-“. 
Since there exists exactly one x E Z,, with ax + i(b + 1) = 0 (mod 2”+‘), i.e., 5 = v + 1, one 
obtains 
1 1 
D(k) > m ’ 8(,rr2 + 37r + 3) 2-“= S( 7T2 + 37r + 3) 
2(*+/.Mm - r/3 > 
for all dimensions k > 3. 
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